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1. Partial identification: fix Q and Z 4. Exact quotient: merge identical readouts
Partial-identification task. For a fixed target Q and available information Z, re- Pooling equal-signature mechanisms gives a smaller LP with the same attainable
turn the sharp interval compatible with Z: target range as the specified baseline.

Full-observation signature:

cobs(U) = [q(u) | X(u), Wx(u), Y wy(U)]-

9(7), 9(2)].

Running example: a binary nested counterfactual

e Nested intervention X Wo Wi Yoo Yor Yio Y11 q(U) (X, W, )
- Direct path: send 0 along X — Y. v 0 0 0 1 0 0 0O 1 (0,0,1)
»@ * Mediator path: generate W, then passitto Y. w0 o0 0 1 1 1 1 1 (0,0,1)
_ « Qutcome: record whether Y = 1. w00 1 1 0 0 0 0 (0,01)
Binary NDE graph Q — P( YO W = 1) . 4
dashed arc: latent X—W s u1 0 0 1 0O 0 O 1 (1 ; O, O)
dependence . / U2, ub: same query bit, same factual cell = merge.
2. One exact baseline: a 128-state canonical LP » uC: different query bit = keep separate.
e Xu%: T(u?®) = T(u9 = (0,1,0), but their factual cells differ = a query-only
One exact construction enumerates deterministic mechanisms. merge Is unsafe.

One deterministic mechanism = seven binary response entries

X || Wo W Yoo | Yo Y10

Yq
- I , Z Yo

hd hd hd

natural W response Y response u:oz(u

One pooled variable per sighature class:

Exact—not an approximation
The objective and every constraint rewrite through the pooled ¢.

= (X; Wo, Wi; Yoo, Yo1, Y10, Y11), Q| =2'222% = 128.

The reference LP assigns mass ¢/, to each mechanism and optimizes:

Q Q=min/max ¢ v, 6=Ty, c=T'¢c, M=MI.
s.t. My =p, 1" =1.
« Bottleneck: the catalogue of complete mechanisms grows exponentially. = [Qa Q Jfull = [Q Q reduced
Exact baseline, not a fixed-problem minimum. The catalogue stores Grouping by oz(u) = (cy, M. ) guarantees this factorization.
complete mechanisms. Its size is not tailored to this fixed (Q,Z), so the . .
LP may not read every distinction it records. 5. The information set Changes the answer
-]
3. LP-visible Signature: two readouts Query-only representation:
_ 3
Research question. For fixed (Q, Z), which states of this reference LP T(u) = (Wi(u), Yoo(u), Yor(u)) € {0, 1}".
can be pooled without changing its sharp bounds? Eight states describe the query. The information constraints decide whether

eight are enough.
The fixed (Q,Z) LP asks only two questions about each mechanism u:

Information Readout retained Verdict
one mechanism u
{ } Three marginals T(u) = (W, Yoo, Yo1) v/ 8 states
\ P(Wi), P(Yoo), P(Yo1) exact
“What answer would v give?” “What data would v produce?” .
sy EEdaul Gl = @ } information readout r{u) = M. 4 Full Ps(X, W, Y) query bit g(u) and factual cell v/ 16 states
\ / (Xs WX! YX, Wx) exaCt
" LPVISIBLE SIGNATURE Full Py, keep 7 only factual cell is lost; Py, constraints can- X 8 states
not be recovered unsafe
oz(u) = (q(u), rz(u)) in general
L all the LP ever sees of u )

Q dout Full-P,,. stress test: 2,000 feasible instances
uery readou

16-state (safe) 8-state (query-only)
. *@ 2000 |
1500 |
O ® ® ,
3 1000 | 100
Counterfactual readout for u: Factual readout for u: o |
u) = 1{Yow (u) =1}, (x, w,y) = (X, Wx, Yx.w,) (v), 500 i 50
U) - {O, 1} robs(u) €x,w,y)- i
0 0
- Read W, then select Yy or Yor. fg{lls/w the factual path X — Wx — {05 ot 00 01 0o
* Only 3 of 7 entries are used, giving Wi
8 query-level states. » Output one of eight observed cells max|A bound max|A bound|
(X W, y). - / Safe 16: all endpoints match the 128-state LP (max [m| < 3.7 x 1079).

States with the same two readouts are interchangeable to the fixed LP: . X Query-only 8: looser on every instance (median 0.075: p99 ~ 0.19).
Merge rule: U ~7 vV < q(U) = q(v) and rz(u) = rz(v).

: _ . ] : : . PR -9.
Why the merge is safe. If u ~7 v, moving mass between them leaves Larger ternary-mediator example: 4608 — 48 states; endpoint discrepancy 3.4 x 107 Y;

118.6x median cached ECOS so1 t ime over 20 seeds (not end-to-end runtime).
both ¢ ' and M unchanged. Thus the LP only needs the total mass of o O SRR TE e T . ( )
. « Scope: finite discrete canonical domains and linear functionals.
each signature class.

 Limitation: savings depend on the joint objective—constraint signature; query-context counting
The quotient acts on the specified baseline LP; it does not add graphical restrictions. alone does not certify arbitrary constraints.
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