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Multi-Armed Bandits

Multi-armed bandit (MAB) problem is a classic sequential
decision-making problem.

Actions a set of actions A to play;
each action associates with a reward distribution.

Play an action Ax for each round t ∈ [T ],

Reward a reward Yx is drawn from the reward distribution,

Goal to minimize a cumulative regret over a total round T .

Structural Causal Bandits

• Multi-armed bandit through Causal Lens.

•A Structural Causal Model (SCM) M = ⟨U, V, F, P(U)⟩:
U unobserved variables;
V observed variables;
F causal mechanisms for V using U and V;

P(U) a joint distribution over U (randomness).

• Structural Causal Bandits: an MAB M; a reward variable Y ∈ V.
Intervention sets (ISs) correspond to all subset of V \ {Y}.

Actions A correspond to values for intervention sets.
i.e., action space {Ax | x ∈ DX, X ⊆ V \ {Y}}.

Reward distribution P(Yx) := P(Y | do(x)) = Px(Y ).

Mean reward µx := E[Y | do(x)].

• Assumption. a causal diagram G (environment class) of M is
accessible.

Example. We can control 2 binary variables, X1 and X2.
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U = {U1, U2}
V = {X1, X2, Y}

F =


fX1(u1) = u1

fX2(x1, u2) = x1 ⊕ u2

fY (x2, u2) = x2 ⊕ u2

P(U) = {∀U ∼ Bern(0.5)}.

Intervention sets (ISs) (4): ∅, {X1}, {X2}, {X1, X2}.

Actions (9): ∅, do(x1 = 0), do(x1 = 1), · · · , do(x1 = 1, x2 = 1).

Structural Properties

Property 1 (Equivalence among Actions). Two actions share the
same reward distribution.
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µx1,x2 = µx2

• Minimal Intervention Set (MIS): A minimal and ancestral set
of variables among ISs sharing the same reward distribution.

Property 2 (Partial-Orderedness). Maximum achievable ex-
pected rewards can be ordered.

µ∅ =
∑
x2

µx2P(x2) ≤
∑
x2

µx∗
2
P(x2) = µx∗

2
.

• Possibly-Optimal Minimal Intervention Set (POMIS): An MIS
that can achieve an optimal expected reward in some SCM M
conforming to the causal diagram G is called a POMIS.

Inclusion: All ISs ⊇ MIS ⊇ POMIS.
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Cumulative Regrets: All ISs ≥ MIS ≥ POMIS (smaller the better).

∴ A causal diagram allows an agent to optimize the
action space a priori.

Extension to Counterfactual Action

•The action space is defined over L1 (observational) and L2 (in-
terventional) of Pearl’s Causal Hierarchy (PCH).

• We extend the notion of action into L2.5 (realizable counterfac-
tual) (Raghavan and Bareinboim, 2025; Yang and Bareinboim,
2025)
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� Intuition. An action: a node intervention ⇒ an edge intervention
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For example, do(Wx, Zx ′) is a counterfactual action.

µx = E[Y | do(x)]
= E[Y | do(Wx, Zx)]
≤ E[Y | do(Wx, Zx ′)] = µWx ,Zx ′

•We provide a sound and complete algorithm for enumerating all
counterfactual-level POMISes (CTF-POMIS).

Conclusion

1.We generalize the notion of actions from the physical to the
counterfactual.

2.We provide an efficient algorithm that identifies and eliminates
redundant (equivalent) or suboptimal (partially ordered) actions.
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